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Abstract 

We completely (that is, up to a logarithmic factor) characterize the 
bounded-error quantum communication complexity of every predicate 
f{x, y) depending only on \xr\y\ {x, y C [n]). Namely, for a predicate D 

on {0,1,... ,n} let 4(1?) =^max{^| 1<£< n/2 A D{e) ^ D{i - 1)} 

and £i(D) =f max{n-£\n/2<i<nAD{i)^D{e + l)}. Then 
the bounded-error quantum communication complexity of /z)(x,y) = 
D{\x n yl) is equal (again, up to a logarithmic factor) to y/n£o{D) + 
ii{D). In particular, the complexity of the set disjointness predicate is 
0,{^/n). This result holds both in the model with prior entanglement 
and without it. 

1. Introduction 



The model of communication complexity, originally introduced by Yao [[Yao7£ 
has since evolved into a very intriguing and important branch of computa- 
tional complexity that in particular links and unifies many different things. 
In this model, Alice holds an input x & X, Bob holds y & Y, and they 
exchange messages to evaluate a Boolean predicate f : X x Y — ^ {0, 1}. 
The complexity is measured by the number of bits exchanged, and, like in 
many other areas of computational complexity, one distinguishes between 
deterministic and probabilistic modes. 
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histitute, Moscow, Russia, razborov@ias.edu. Supported by The von Neumann Fund. 
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Just like the circuit complexity is quite often concerned with symmetric 
Boolean functions one class of problems that attracted a considerable interest 
in communication complexity is made by symmetric predicates which we 
define as those for which x,y are finite sets and fo^x.y) = D{\x fl y\) for 
some predicate D on integers. Two most prominent members of this class are 
the disjointness predicate DISJn {D{s) = (s = 0)) and the inner product 
function /P„ (-D(s) = s (mod 2)). The rank lower bound by Mehlhorn 
and Schmidt ||MS82|| immediately implies a tight Q{n) lower bound on the 
deterministic communication complexity of both DISJn and IPn- 

For the randomized algorithms, [|Vaz87| , |CG88| , [BFS86|| proved an Q{n) 
lower bound on the complexity of the inner product /P„, and |PFS86|| also 
contained an ^l{^/n) lower bound for DISJn- The latter bound was improved 
to the optimal Q{n) in ||KS92|| , and their proof was further simplified in 

The model of quantum communication complexity was also introduced by 
Yao [[Yao93|| . Suppose that Alice and Bob can employ the laws of quantum 
mechanics and are allowed to exchange qubits instead of classical bits. Can 
it help them to reduce the amount of communication? 

Buhrman, Cleve and Wigderson |[BCW98(1 observed that the rank lower 
bound for deterministic protocols extends to the quantum case (so, after 
all the answer for such protocols can be "NO"). In particular, both DISJn 
and IPn require Q{n) qubits to be exchanged by quantum deterministic (= 
zero-error) protocols. The rank lower bound was extended in [ BW01 | to the 
stronger model with prior entanglement previously introduced in [ pB97|| (in 
that model, Alice and Bob share an unlimited number of entangled EPR- 
pairs before the communication even begins). 

The question about the complexity of protocols that allow a small error 
is by far more interesting. As far as lower bounds are concerned, Kremer 
|[Kre95|| , based upon some ideas from the seminal paper |Pfao93|| , proved an 
Q{n) lower bound for IPn- This result was extended to the model with 
prior entanglement in ||CDNT98| . Klauck ||Kla01|] looked at the threshold 
predicates (-D(s) = (s > £)) and exact-i predicates (-D(s) = (s = £)) and 
proved an Q{i/\ogi) bound in both cases (without entanglement). The only 
general lower bound for DISJn (that corresponds to £ = 0) prior to this work 
was fl(\ogn) [ |AST^98| , |BW01|| ; we can also mention some partial results 



in this direction such as bounds for constant-round protocols [ [KNTZOT 



protocols with exponentially small error pW01[| and some highly structured 
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protocols 

On the upper bounds frontier, the elegant paper ||BCW98|| established 
a strong connection between quantum search and quantum communication 
by showing how to convert every quantum search algorithm for any Boolean 
function g into a quantum communication algorithm for the associated predi- 
cate fg{x, y) = g{xny) with only a logarithmic delay. Plugging into this pro- 
cedure Grover's search algorithm ||Gro96|| immediately gave an 0{y/nlogn) 



upper bound on the bounded-error quantum communication complexity of 
disjointness (that was later slightly improved in |P3W02|| to 0{y/nexp(\og* n))). 



|BBC'''98[| proved that the quantum query complexity of every symmetric 
Boolean function g is equal, up to a constant factor, to its approximate degree 
deg{g) (defined as the minimal degree of a real polynomial approximating g 
on {0, 1}" in the ^oo-norm within accuracy 1/3). Combined with the BCW- 
reduction, this implies an 0{deg{g) logra) upper bound on the bounded error 
quantum communication complexity of fg{x,y). 

In this paper we prove that for every symmetric predicate fuix^y) this 
communication algorithm is essentially optimal provided we take care of one 
"degenerate" case. More specifically, let 

Iq{D) = max I 1 < £ < n/2 A D(£) ^ D{(. - 1) } (1) 



and 



li{D) = max{n-£|n/2 < I < n A D{(.) ^D{i+l)}. (2) 



If we let gni^i, . . . , Xn) = D{\x\), then the classical result by Paturi | |Pat92| 



says that deg(^i5) = 0iJn{eo{D) + diD))) which implies, via [|BCW98 



an 



upper bound of O((yn£o(-D) + ynii{D))\ogn) on the quantum bounded- 
error communication complexity of fr,. This can be easily improved to 



0{iynio{D) + ii{D)) \ogn) (large values of \x fl y\ are taken care of by the 
trivial algorithm in which Alice sends to Bob her entire input). We prove 



the lower bound n(yn£o(-D) + ii{D)) matching this upper bound up to a 
logarithmic factor (Theorem |2.1| ). Our lower bound works also in the model 
with prior entanglement. 

For the proof of our result we use a multi-dimensional version of the 
ordinary discrepancy method (Section [5.2| ). That is, we measure the com- 
munication matrix against several probability distributions at the same time. 
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This allows us to reduce our problem to a classical problem in the discrete 
polynomial approximation that, quite fortunately, was solved in the above- 
mentioned paper ||Pat92|| (Section |5.3| ). Another specific feature of our ap- 
proach is that we tend to apply spectral methods (as opposed to combina- 
torial ones) more systematically than it was done in the previous papers on 
the subject (this becomes especially critical for handling prior entanglement). 
In particular, we show a general lower bound on the quantum communica- 
tion complexity of a function in terms of the approximate trace norm of its 
communication matrix (Section |5.1|) . 

In the rest of the paper we formulate and prove our main result. Whenever 
possible, we try to present in reasonable generality those intermediate steps 
in our proof that might be of independent interest. 



2. Quantum communication model and the 
main result 

There are several equivalent definitions of the quantum communication model; 
in our description we follow |PW01|| as this variant seems to be the most con- 



venient to work with. 

Let X, Y be finite sets and f : X x Y — > {0, 1} be a Boolean predicate. 
Let Ha,C,Hb be finite-dimensional Hilbert spaces representing Alice's part. 



the channel and Bob's part, respectively. Like in PW01|| we require that C 
consists of a single qubit (that is, dim(C) = 2, and |0), |1) is its orthonormal 
basis). 

The models with or without prior entanglement differ only in the unitary 
vector Input (x, y) G Ha^C^Hb prepared at the beginning of the communi- 
cation. We postpone its definition and describe first how the communication 
proceeds. A c-qubit communication protocol is completely determined by uni- 
tary operators Ui, U2, ... ,Uc, where Ui acts on Ha ® C if i is odd, and on 
C (g) if it is even. The output (unitary) vector is then 

Output(x, y) = ... (f/3 ® /b)(/a ® f/2)(f/i ® /B)Input(x, y), (3) 

where Ia,Ib are identity operators on TIa^'Hb, respectively. The accep- 
tance probability of this protocol on x, y is the result of the measurement of 
Output(x,?/) with respect to C, i.e., the squared ^2-norm of its orthogonal 
projection onto TIa ® |1) ® Hb- 
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We are still left to describe Input In the model without prior en- 

tanglement, TIa has the orthonormal basis { |a, x) | a G Wa^ x G X}, where 
Wa is a finite set with a distinguished element (representing Alice's internal 
computations). Likewise, TIb has the orthonormal basis { |?/, 6) | 6 G Wb, y G F} 
and Input(a;, I/) =^ |0, 2;)|0)|?/, 0). 

In the model with prior entanglement, I-La has the ba- 
sis { |a, X, e) I a G 1^4, x G X, e E E} and Ti^ has the basis 
{ |e, y, 6) I 6 G PVb, yEY, eEE}, where _E is a new finite set (corre- 
sponding to all possible pure states of entangled EPR-pairs). The beginning 
state in this case is 

Input (x,y) = — ^ |0)a;,e)|0)|e,?/,0). (4) 

1^1 ' e&E 

It is important that in this model we do not have any control of l-E"! whatso- 
ever, and it must not appear in our bounds. 

A quantum protocol computes /(x, y) with error e if its acceptance prob- 
ability on every (x,y) is at most e whenever f{x,y) = and at least 1 — e 
whenever f{x,y) = 1. Let Qe{f) [Q*{f)] be the smallest c for which there 
exists a c-qubit communication protocol without [respectively, with] prior 

entanglement that computes / with error e. Let Q{f) '= Qi/^{f) and 

Fix an integer n, and let D : {0, 1, . . . , n} — > {0, 1} be any Boolean 

predicate. Let fn,D{,x,y) =^ D{\x f\ y\), where x,y C [n](=^ {1,2,... 

Let io{D) and ii{D) be given by (|5), (0) (if no such £ exists, we naturally 

let i,{D) = 0). The main result of this paper is the following 

Theorem 2.1 For every Boolean predicate D : {0,1, . . . ,n} — > {0, 1}, 

n{.Jnio{D) + ii{D)) < Q*{fn,D) < Q{fn,D) < 0{{^nio{D) + i,{D)) hgn). 

Let DISJn{x, ?/) =^ X n ?/ = 0. 

Corollary 2.2 Q*{DISJ„) > 

Our lower bound proof essentially uses high symmetry of the predicate 
fn,D and, in particular, we need x, y to be of the same fixed cardinality 
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k. We formulate the corresponding intermediate result in this section since, 
although somewhat technical, it still might be of independent interest. 

Let A; < n and D : {0,1, . . . , k} — > {0, 1}. Let X = F = [n]*^ be the set 
of all A;-element subsets of [n] and fn,k,D X xY — > {0, 1}; fn,k,D{x,y) =^ 

D{\xny\) (thus, fn,D = fn,n,D)- 

Theorem 2.3 Let k < n/4, i < k/A and D : {0,1, . . . , k} — ^ {0, 1} be any 

predicate such that D{i) ^ D{£ - 1). Then Q*ifn,k,D) > ^(Vki). 



Remark 1 Nayak and Shi have observed (personal communication) that our 
lower bound extends to a more general model in which the entanglement need 
not necessarily be given in the form of shared EPR-pairs. More specifically, 
in this model (considered e.g. in |[NS02|| ) the input vector Input (x,|/) has the 



form 

def 



Input(x,?/) = ^ Ae|0,x,e)|0)|e,?/,0), (5) 



where {Xe \ e E E} is an arbitrary unitary vector (the case (|) of EPR-pairs 
corresponds to Ae = ^^p^-)- With their kind permission, we include in Section 
^.l| the adjustments to our basic proof needed for this generalization (Remark 



3. Preliminaries 

In this section we compile together some definitions and previously known 
results needed for our proof. 



3.1. Quantum search vs. quantum communication 



For a precise definition of a quantum decision tree see e.g. [PW00|| . Given a 
Boolean function g{xi, . . . , Xn) we will denote by Qdt(5') the minimal number 
of queries needed to compute ghj a. quantum decision tree with error at most 
1/3 at any input x G {0, 1}". 

Let us denote by fg : V{[n]) x ^([n]) — * {0, 1} the predicate fg{x,y) =^ 
g{xr\y), where xCiy is identified with its characteristic function. The following 
is probably the deepest general fact known about quantum communication: 
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Proposition 3.1 ( |[BC W55| ) For any Boolean function g{xi, .. . ,Xn), Q{fg) < 
OiQMg)\ogn). 

3.2. Matrix norms 

All material in this section is classical and can be found e.g. in the excellent 



textbook [pha97 



After we give up Dirac's notation (in Section p.2| ), all vectors will be 
represented as columns. For a complex vector ^ [complex matrix A], let 

X* =^ (x)^ [A* =^ (A)^ , respectively] be its conjugate transpose. Let ||^|| =^ 
^^*^'ji/2 (jgnQ^g fD^Q ^2-norm of ^. 

For a complex matrix A, we will denote by | |y4| | its operator norm defined 

as \\A\\ = max{||v4^|| : ||^|| < 1}. Alternatively, \\A\\ = max{|r/'^v4^| : 

II^IUieil<i}- 

For two complex matrices A, B of the same size mxnwe denote by {A, B) 
their entrywise scalar product, that is, (A, B) =^ Ti{A*B) = J2iLi J2]=i o^ijbij- 
\\A\\-p denotes the Frohenius norm corresponding to this scalar product, that 

1/2 

is, I \A\\-p '= {TJILi Z]j=i kijP) • We will also need the following (somewhat 
more exotic) trace norm ||A||tr defined as 

||A||t/=max{|(A,i?)|:||i?||<l}, 

where B runs over all (complex) matrices of the same size as A. 

The following proposition summarizes some properties of these norms. 

Proposition 3.2 1. Let ||| ■ ||| he any one of the three norms \ \-\\, || ■ ||f 
or II ■ lltr, and A he a complex m x n matrix. Then: 



(a) 111^111 = 111^^111 = 

(h) if B is a suhmatrix of A then |||-B||| < 1 1 1^111/ 

(c) III ■ III is invariant under left and right unitary transformations, 
that is, for every mxm unitary matrix U and every nxn unitary 
matrix V , \ \\UAV\ \ \ = 1 1 |A| 1 1 • 

2. Let now B he another complex n x k matrix, and AB stand for the 
ordinary matrix multiplication. Then: 

(a) \\AB\\ < \\A\\ ■ \\B\\; 
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(b) \\AB\\tj. < \\A\\p ■ ||-B||f- (Hoelder inequality, see e.g. |[Blia97| , 
Corollary IV.2.6]) 

3. ||A||<||A||p<(min{m,n})V2.p||. 

4- For a square n x n matrix A, ||A||tr > 127=1 knl- 

Remark 2 If (yi{A) > a2{A) > . . . > ap{A), p = min{m, n} are the sin- 
gular values of A then \\A\\ = ai{A), \\A\\p = {J2'^t^^a^{A)f^^ and \\A\\t, = 
J2t=i crt{A) (which, along with Proposition |3.2| . p!^ ) and the SVD-theorem al- 
most immediately implies all non-trivial parts of that proposition). We, 
however, will not need this singular value characterization in our proof. 



Remark 3 The same proposition ^]^.|T^) implies that we can unambiguously 



talk of the operator, Frobenius or trace norm of an operator horn one (finite- 
dimensional) Hilbert space to another. 

Two more matrix norms we will be using are the £i-norm and ^oo-norm 
defined entry wise: 

ei{A) E E 

l<i<m l<j<n 

ioo{A) '= max max |ajj|. 

l<i<m l<j<n 

Of course, these norms are not invariant under unitary transformations. How- 
ever, they are at least somewhat related to unitary invariant norms via the 
following (obvious) observation: 

\{A,B)\<h{A)-i^{B). 

3.3. Decomposition of quantum communication proto- 
cols 



Proposition 3.3 ( [| Yao93] , [Kre95| ) Let P be a c-qubit communication pro- 



tocol, and let Up be the unitary operator in the right-hand side of (^) . Then 
there exist linear operators A^ on Ti^ and onTis {u E {0, l}'^) such that 
for every vector a G TIa and every vector h eT-Lb, 

Up{\a)\m)= E \AM)W)\Bum- 
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Moreover, | |y4| |, | | < 1 for every u G {0, l}'^. 

Proof. It is only the last observation (about the operator norms) that 
is (apparently) new. This, however, immediately follows from Proposition 
p.2| . pa]) and the fact that every operator A^, Bu is composed from unitary 
operators and orthogonal projections onto the subspaces TIa ® |e) ® Ti-B, 
ee{0,l}.. 



3.4. Symmetric functions and predicates 

For a Boolean predicate D : {0,1, ... ,n} — > {0,1}, denote by deg(D) 
the approximate degree of this predicate defined as the minimal degree of 
a univariate real polynomial f{x) such that \f{s) — D{s)\ < 1/3 for every 
s G {0,1,... ,n}. Let goixi, . . . ,x„) be the symmetric Boolean function 
defined as goix) = D^Yh^^xi) (note that fn,Dix,y) = fgj,{x,y)). ||NS94 



observed that deg{D) = deg^ga), where deg(5f) is the minimal degree of a 
multi-variate polynomial approximating g on {0, 1}" within error 1/3 in the 
£oo-norm. 



Proposition 3.4 ( |[Pat92|| ) deg{D) = 9{^n{eo{D) + ii{D))) . 

It was proved in [pBC'''98|| that Q{deg{g)) is a general lower bound on 



QriTig)- In the opposite direction, they show that for symmetric functions 
this bound is tight: 

Proposition 3.5 ( |[BBC+98|| ) Qdt(^d) < 0{deg{D)). 

Assume now that X = Y = [n]''. For < s < k, denote by Jn,k,s 



the — 1 X matrix whose rows and columns are indexed by [ 
and {Jn,k,s)\xy ^ ] Q otherwise ^ ' '^^^ spectrum of these matrices is de- 



scribed by the so-called Hahn polynomials (see e.g. | Del78|| ). The latter, 



being classical objects, were re-discovered many times in different contexts; 
the expression that is the most convenient for our purposes was proposed 
by Knuth |[Knu91[j ; remarkably, it is based on a direct computation of the 
eigenvalues. 
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Proposition 3.6 ( |[Knu9ll] ) Let k < n/2. The matrices Jn,k,s{0 s < k) 
share the same eigenspaces Eq,Ei,... .E^. The eigenvalue of Jn,k,s corre- 
sponding to the eigenspace Et is given by 

min{s,t} 
i=max{0,s+t— A:} 

4. Upper bound 

In this section we sliow tliat tlie upper bound Q{fn,D) < O((^n£o(-D) + 
ii{D)) logn) in Tlieorem p.lj is almost immediately implied by the previously 
known results from Section ^ 

Let D : {0, 1, . . . ,n} — > {0, 1} be any predicate. D is constant on the 
interval [£o(-D),n — £i(_D)]. Negating it if necessary, we can assume that 
D takes on value in this interval. Then D = Dq\/ Di, where Dq^{1) C 
[0,£o(/^) - 1] and D^\l) C [n - ^^{D) + l,n]. Also, fo = fo, V /d„ and 
Alice and Bob compute fo^ and fo^ separately. 



For computing //j^, they apply the BCW-reduction (Proposition |3.1|) and 



Propositions 3.5 



g(/Do) < 0{Q^^{gD,)\ogn) < 0{deg{D^)\ogn) < i,{D)\ogn). 

For computing //j^, Alice and Bob use the following trivial (classical) 
protocol. Alice first checks whether her input x has < n — ii{D) ones or not. 
In the first case foi {x, y) = and she declares the result. Otherwise she sends 
her entire input to Bob. This will take at most log2 {j2k=n-ei{D)+i (fc)) bits 
which is 0{ii{D) logn) since ii{D) < n/2. Then Bob computes fDi{x,y). 



5. Lower bounds 



In this section we prove the lower bound in Theorem and Theorem |273 . 
First we show that the latter implies the first, and this is done by a straight- 
forward reduction. 

Definition 5.1 For a Boolean predicate D on {0,1, . . . ,n} and < r < n, 
let D — r : {0, 1, . . . , n — r} — > {0, 1} be given by {D — r)(s) =^ D(r + s). 
Let also D\k be the restriction of D onto {0, 1, . . . , k}, k < n. 
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Lemma 5.2 For every predicate D on {0, 1, . . . ,n} and every integers k,r 
satisfying < r < n, k <n-r, we have Q*{fn,D) > Q*(/n-r,fc,(D-r)| J- 

Proof. Alice and Bob use the optimal protocol for fn,D '■ 'P(W) ^^(M) — ^ 
{0, 1} to compute fn-r,k,(D-r)\k '■ — r]'' X [u — r]'' — > {0, 1}. For this they 
simply map their inputs x,y G [n — r]'' to the inputs (j){x),(f){y) G 'P(M) 
using the mapping (j){x) =^ a; U {n — r + 1, . . . , n}, and feed (f){y) into 
the protocol for fn,D-* 

Proof of lower bound in Theorem |2.1| from Theorem |2.3| . We need 

to estabhsh two separate bounds, Q*{fn,D) > ^i\fn^oiD)) and Q*{fn,D) > 
VL{^l{D)), and both are proved via a reduction from Lemma ^.21 (with differ- 
ent values r, k of course). In choosing r, k we must satisfy the two conditions 

k < (n-r)/4, (£ - r) < k/A (6) 

(arising from the statement of Theorem p.3| ), where d =^ io{D) for the first 
bound and £ =^ n — ii{D) for the second. As long as they are satisfied, 



Theorem O gives Q*{fn,D) > ^{Jk{t - r)). 



If £ < n/lQ (and, in particular, £ = £o(-D)), we simply let r =^ and 
k =^ n/4. Then the bound of Theorem |2.3| becomes ^(v^); i.e., exactly 
what what we are proving. 

If £ > n/lG, we satisfy the conditions (^) with equality for which we set 
r = and k = ^{n-^). Then ^-r>VL{n-^), and Theorem p] still 

gives us the required bound Q*{fn,D) > ^(^ — ^)-" 



In the rest of the paper we prove Theorem |2.3| . The proof splits into three 
fairly independent blocks. 



5.1. Approximate trace norm lower bound 

Definition 5.3 For a real matrix M, let ||M||t^, = min{||P||tr : io^{M - 
P) ^ e} be its e-approximate trace norm {P runs over all real matrices of the 
same size as M). 

Definition 5.4 For a predicate f : X x Y — > {0, 1}, Mf denotes its com- 
munication 0-1 matrix {Mf ),j.y =^ f{x,y). 
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Theorem 5.5 For any predicate f : XxY — > {0,1}, where\X\ = \Y\ = N, 
and any e > 0, Q^if) > r](log(||M^||,^,/iV)). 

Proof. Fix a c-qubit communication protocol with prior entanglement 
computing / with probability e. Let p^y be the acceptance probabilities of 
this protocol on the input {x,y); arrange them into an (A^ x A^) matrix P. 
Then, clearly, ioo{Mf — P) < e, and we only have to prove that ||-P||tr < 
Ar.exp(0(c)). 

Apply the decomposition from Proposition |3]^ to the input string (H). 
We get: 

Output = 1^^^ Au\0,x,e)\uc)Bu\e,y,0) 

and then 



Pxy = -j^WYY ^u\0,x,e)Bu\e,y,0)\\'^ 

eeE uGlI 



\E 
1 



^1 E E ((/' ^' 0\^v\Au\0, X, e) ■ (/, y, 0\B^\B^\0, y,e)), 



where U = {uE {0, 1}^ \u^ = l}. 

Let us now define A^ x x |np)-matrices A,B by letting a^^^efuv) '= 
(/,x,0|A^|A„|0,x,e) and by ^(efuv) = (/, y, 0|5„|5^.|0, e). Then P = j^AB^, 
and Proposition p.2| . pB| ) implies 

||P||tr<^-PI|F-||P||F. (7) 

For estimating ||A||f, ||-B||f, we divide these matrices into A^- |np blocks, 
and interpret every block as an (|£^| x |£^|) matrix. Namely, for any fixed 
X E X and u,v G 11, let be the square {\E\ x \E\) matrix given by 
alY a^^i^efuv) = 0|y4„|y4„|0,a;, e). Then 



lUII^ < AT- |nM-max|U^™||^,. (8) 

x,u,v ^ ' 

For bounding ||y4^'™||F we first use Proposition |3.2| .[^: 

||v4^™||f < 1^1^/^ ■ (9) 
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Finally we claim that 



P^™||<1. (10) 

Indeed, let 77,^ be any vectors of length \E\ with ||77||,||^|| < 1- Then we 
have 

f€E eGE 

and, since WA^W < 1, 

||^T^.™^|| < ||A„|0,x,5:eee)||-||A|0,x,^r7//)ll 

eSE feE 

< \\\o,x,J2u)\\-\\\o,x,Y.vff)\\ = m\-M\<i. 

eeE f&E 

(|10D is proved. Along with (D and (D this implies ||A||f < N^''^ ■ |n| • 
and the same bound holds for ||-B||f- Substituting them into (|^), we 
get ||-P||tr ^ N ■ |np < ■ exp(0(c)) which completes the proof of Theorem 



Remark 4 (Nayak, Shi) Theorem ^3] (and, hence, all lower bounds fol- 
lowing from it) extends to the case of more general entanglement in which 
the input vector is given by (|^). In order to see this, first note the following 



generalization of the right-hand side in Proposition 3.2 



|LA||f < ||L||f ■ ||A|| (11) 



(the original statement corresponds to L = /min{m,n})- If ax,{efuv) = K^x^iefuv) 
and hy^[efuv) == ^fby,(efuv) then P = Ab^ , where P is the matrix of accep- 
tance probabilities relative to the input vector (H), and ||-P||tr < 1 1^1 If- I If- 
As before, ||A||| < A^ ■ |np ■ maxa-^^^^, | lA^''^! ||. We, however, know that 
j^xuv _ ]^j\xuv ^ where L is the diagonal matrix with elements {Ag | e G -E}. 
Since A is unitary, ||L||f = 1 and ([Tl|) implies HA'^^IIf < ||A^™|| < 1. The 
remaining calculations are the same as in the basic proof. 

5.2. Multi-dimensional discrepancy bound 

This section is central to our argument, so we begin with a brief overview of 
the ordinary discrepancy bound. 
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Suppose that we want to get a lower bound on the approximate trace norm 
(or any other approximate norm) of a matrix M. That is, we need to rule 
out the existence of a decomposition M = P + A, where ||-P||tr is small and 
3(A) is small. The ordinary discrepancy method [|Yao93| , |Kre95|| proceeds 



as follows. Assume that M is a ±l-matrix, take any probability distribution 
H on its entries and form the Hadamard product M o/i ((M o n)^^ =^ MijUij). 
Then (M,M o ^) = 1 and |(A,M o < ^-^{M o ^) ■ £^(A) = £oo(A). 
Therefore, if |(P, M o n) \ is small for every matrix P with small trace norm 
(in other words, M o /i has a low discrepancy with such matrices), we are 
done. 

The next logical step was taken by Klauck in |[Kla01| , Theorem 4] who 
observed that the "test matrix" need not be of the particular form M o ^. 
As long as ^ is any matrix with Ci (/i) = 1 and of low discrepancy, we are still 
in a good shape for all matrices M for which | (M, /i) | is at least somewhat 
large. 

It is well known, however, that even in this form the discrepancy method 
does not work for (say) the disjointness predicate. In this paper we take 
it one step further and instead of considering the linear functional X 1— »• 
(X, /i) for a single "test matrix" /i, we consider the multi-dimensional "trace 
operator" X 1— > ((X, /xi),... /i^)) for a family of matrices /xi,... ,/ir 
with £i(/is) < 1- In order to be able to apply spectral methods, we will 
assume that fii, . . . , Hr are real symmetric commuting matrices (although it 
would be sufficient to assume that they allow singular value decompositions 
U^iV, . . . ,U HrV with common unitary matrices [/, V). 

Definition 5.6 An r -dimensional discrepancy test consists of real symmetric 
matrices /xi, ... , with £i(/is) < 1 (1 < s < r) that have the same size NxN 
and commute with each other, along with an orthogonal decomposition 

= El © ^2 © . . . © Efc (12) 

of into their shared eigenspaces Ei,E2, . . . ,Ek. 

Note that the commutativity alone implies the existence of at least one de- 
composition (|T2p. For our application we, however, need k <^ N (that is, 



eigenvalues substantially repeat themselves), and for this reason we prefer to 
fix the decomposition explicitly in the definition. 

Given a discrepancy test (/ii, ... , fir,Ei, . . . , E^), denote by Xgt the eigen- 
value of fig corresponding to Ef. Let the trace of Et be the r-dimensional vec- 
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tor A* naturally defined as (A*)s = \st, and let Trace(/i, E) = { \^ & W \ 1 < t < k} 
be the set of all these vectors. 

Definition 5.7 Given a set of vectors T CW and C > 0, let Convc7(T) =^ 
{Z^agt c^aA : Z^AeT ^aI < C} be the convex hull of the segments { [— C, C]\ \ \ E T}. 
Given another vector ^ G M*" and e > 0, let T) =^ min {C | Poo{^, Convc(T)) < e}, 
where poo is the distance in the £oo-norm. 

Theorem 5.8 Let M be a real squared matrix, and (/xi, ... , fir, Ei, . . . , E^) 
be an arbitrary r- dimensional test of the same size. Let G be defined 
as {^m)s = {M,Hs)- Then 

\\M\\l> <P^i^M, Traced, E)). 

Proof. Let | \M\ \l = C and M = P + A, where | |P| |tr = C and £oo(A) < e. 
Then = + and, moreover, |(^a)s| = \ {A,fis)\ < ii{i^s) ■ •^oo(A) < e 
for every s G [r] which implies £oo('Ca) < ^- Thus, we only need to prove that 
G Convc(Trace(/i, ^)). 

Let U be the orthogonal matrix corresponding to the decomposition (|12D, 
so that all {U~^ figU) are diagonal. Gonsider the matrix [U^ PU), for every t G 
[k] let {U^ PU)t be its principal submatrix corresponding to the eigenspace 
Et, and let at =^ Tt{{U^ PU)t)- Then G Gonvc7(Trace(/i, i^)) is implied 
by the following two facts: 

k 

t=i 

and ^ 

t=i 

Both are proved by easy matrix manipulations (with heavy use of Proposition 

k k 

{^p)s = {P,ixs) = {(U^PU), (U^fisU)) = Y.TTiiU^PU)t) ■ Xst = T.^t\st 

t=l t=l 

and 

k N 

Y.\^t\<Y.\iU^PUU < ||(t/^Pt/)||tr= ||P||tr = C. 
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5.3. Putting things together 



Now we are ready to finish the proof of Theorem p.3| . Fix integers n and 
k < n/A. Set = (^). Let L> : {0, 1, . . . , A;} — ^ {0, 1} be any predicate 
such that D{i) ^ D{i — 1) for some i < k/A. Applying Theorem |5.5| (and 
observing that the error probabihty can be always reduced from 1/3 to 1/4 
with an increase in complexity by at most a constant multiplicative factor), 
we get 

q*{u,d) > mogmf.,.,n\\l!VN)). (la) 

Let now fj^s =^ N~^(^''^ {tzf) Jn,k,s, and let Eq, ... , i^^ be the shared 



eigenspaces of these matrices from Proposition p.6| . Note that ii{iJ,s) = 1 and 
(M/^ ^ D? /^s) = D{s). Applying Theorem ^]8| with the {k/2 + l)-dimensional 
test (/io, yWi, • • • , /ifc/2, Eo,Ei,... , Ek), we get 

ll^wllt/' > 0^/^PU/2,Trace(/i,E)). (14) 



Claim 5.9 Let Xgt be the eigenvalue of the matrix Hs corresponding to the 
eigenspace Et. Then: 

1. \st = Ft{s), where Ft is a polynomial of degree t (known, up to a 
normalizing factor, as Hahn polynomial); 

2. whenever k < n/A and s < k/2, \Xst\ < A^~^ ■ exp(— f2(t)). 



Proof. By Proposition 3.6, 



_ \^ ( 1 I I V'^-y \k-s-t+ij 

2^ ^ ' [i (k\ (n-k\ 

j=max{0,s+t— A;} \ / \gj \k—s) 



X 



s(s - 1) . . . (s - i + 1) 
k{k-l) ...{k-i + l)^ 

{k - s){k - s - I) . . . {k - s - t + i + l)^ 
{n - k){n - k-l)...{n-k-t + i + l) 
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Part |I] is already obvious from this expression. Part ^ is also easy: 
t\ s{s-l)...{s-i + l] 



\Xst\ < N-'Y. 

i=0 



■X 



X 



ij k{k-l)...{k-t + l) 
{k - s){k - s - 1) . . . {k - s - t + i + 1) \ 
{n - k){n ~ k - I) . . . (n - k - t + i + I) j 



i=0 



This claim implies that for every to ^ k, {A* 1 1 < to} ^ -P(^o)) where 
P(to) is the set of all real- valued functions on {0, 1, . . . ,k/2} representable 
by (real) polynomials of degree < to- Whereas i'oo(A*) < A^~^ exp(— f2(to)) 
for t >tQ. Hence, 

e Convc(Trace(/i, E)), p^{C, P(to)) < ■ C ■ exp{-Q{to)). (15) 

Set now to == deg(D|fe/2) — 1 and C =^ 0"^/^(-D|fc/2, Trace(/i, ^)). Note 
that since £ < k/A, 

to > n{Vke) (16) 



by Proposition 13-4 Also, by definition of the approximate degree, Poo(-D|a;/2, -P(^o)) > 



1/3. On the other hand, by ([T5|), 

poo{D\k/2,P{to)) < A^-^■C•exp(-^](to))+Poo(P'|fc/2,Convc(Trace(/i,E))) 
< N-'^ -C- exp(-^](to)) + 1/4. 

Combining these two bounds with (IT^), we get 



4>^^\D\k/2, Trace(/i, E)) = C > ■ exp(r](v^)). (17) 
Theorem |2]^ now follows from ([131) , (|l3) and (O) . 
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